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Abstract- Harvesting planning is one of the most important tactical decisions in lumber
supply chains. Harvesting areas in the forests are divided into different blocks with dif-
ferent types and quantities of raw materials (logs). The availability of raw materials in
each block cannot be forecasted with certainty. On the other side, predicting the certain
amount of the demand is impossible in this industry. As a consequence, it is necessary to
consider uncertainty in the harvesting planning. In this paper, we propose a robust har-
vesting planning model under log supply and demand uncertainty. The proposed robust
optimization model which has been formulated based on “price of robustness” provides
some insights into the adjustment of the level of robustness of the harvesting plan over the
planning horizon and protection against uncertainty.
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1 Introduction

Despite the applicability of stochastic program-
ming models in many planning problems, it has
some limitation in solving real-world problems.
Such models require full knowledge of the distribu-
tions of the uncertain data and such information
is rarely available in practice, and a strategy based
on erroneous inputs might be infeasible or exhibit
poor performance when implemented. Moreover,
these models are very large and difficult to solve
for real instances. Such challenges in stochastic
models have made robust optimization to receive
attention. Robust optimization is one of the pre-
dominant approaches to solving linear optimiza-
tion problems with uncertain data where there is
not enough information about their probability dis-
tributions. The classical approach to robust opti-
mization is to search for an optimal solution which
has the property that the solution will satisfy all
possible out comes. The robust optimization ap-

proach is categorized into static and dynamic mod-
els. When the decision maker must choose the
strategy before the exact values of uncertain pa-
rameters are revealed, the robust solution is called
static. In the other words, all decision variables are
"here and now". In this case, the model does not
allow for recourse action, and remedial action is
occurred when the values of the random variables
become known. The objective is typically to min-
imize the worst case cost, and the uncertainty can
take two forms: (i) estimation errors for unknown
parameters, and (ii) stochasticity of random vari-
ables (Bertsimas and Thiele (2006a)).

The first step in the robust optimization approach
was taken by Soyster (1973). In this study, he pro-
posed a linear optimization model to construct a
solution that is feasible for all data that belong
to a convex set. This approach was further de-
veloped by Ben-Tal and Nemirovski (1998, 1999);
Ben-Tal et al. (2004), El Ghaoui and Lebret (1997),



El Ghaoui et al. (1998), Bertsimas and Sim (2004),
Bertsimas and Thiele (2006b).

Ben-Tal et al. (2010) present the main strategy
of the robust optimization approach. In this ap-
proach, first the original uncertain problem is re-
formulated to its robust counterpart. Then the ro-
bust counterpart model may be provided as an ex-
plicit and short system of convex inequalities. The
latter is also called a “computationally tractable”
representation of the robust counterpart. By such
representing of the robust counterparts of each con-
straint of the uncertain problem, it will be possible
to reformulate the robust counterpart of the origi-
nal uncertain problem as a linear minimization one
under a finite and short system of explicit convex
constraints which are computationally tractable.

Bertsimas and Sim (2004) propose a solution ap-
proach for a linear mathematical model with an
uncertain coefficient matrix. By assuming interval
uncertainty, their approach provides a robust so-
lution whose level of conservatism can be flexibly
adjusted in terms of probabilistic bounds for con-
straint violation. They explore the current status
of static robust optimization for linear program-
ming problems. This approach finds a solution over
all time periods. They define a predetermined bud-
get of uncertainty for every constraint in order to
provide an optimal solution that guarantee feasi-
bility for all admissible data realization of uncer-
tain parameters at a given probability (confidence
level).

When the planning is dynamic, it is reasonable to
expect that better solutions can be found as we can
dynamically adjust the planning when more infor-
mation is known. This is called a dynamic robust
solution. In the dynamic planning situation it is as-
sumed that there are two sets of variables. One set
must be determined before all the parameters are
determined, and the other set of variables model
future decisions that need not be determined un-
til a later stage. Ben-Tal et al. (2004) introduce
a computationally tractable robust formulation for
the special case when the future decision variables
can be expressed with an affine function of the un-
certainty set. Although they observe many situ-
ations where this assumption holds, it is not an
easy task to verify if the problem at hand satisfies
all the requirements. The method has no flexibil-
ity in elaborations with uncertainty sets, since a
minor adjustment could change the robust coun-
terpart into an intractable formulation. Bertsimas
and Thiele (2006b) present the robust optimization
method for inventory management problem under
demand uncertainty over the planning horizon. By
assuming an interval uncertainty for demand, they
develop the robust counterpart for inventory con-

trol problem in dynamic settings. In the inventory
problems, the constraints depend on the time pe-
riod, consequently the uncertainty set will depend
on the time period as well. The uncertainty is mod-
eled as the cumulative demand up to time t. This
motivates defining a sequence of budgets of uncer-
tainty Γt, t = 0, ..., T−1, rather than using a single
predetermined budget explained in the static case.
As only one new source of uncertainty is revealed
at any time, the budgets do not increase by more
than one at each time period.

Bertsimas and Caramanis (2010) approach a more
general problem where the uncertainty set may be
a general polytope. In the solution approach, they
use a partitioning of the uncertainty set and find a
static robust solution for each partition. In a later
stage, without uncertainty, at least one of the static
solutions fulfills the now realized parameters, and
the best static solution is selected for implementa-
tion. The difficulty with this approach is to select
a well performing partitioning so that the static
robust solutions are reasonable, while at the same
time keeping the number of partitions low for the
sake of efficiency.

Adida and Perakis (2006) introduce a robust op-
timization model to dynamic pricing and inven-
tory control. They propose a linear function such
as gt + b for a time-dependent budget of uncer-
tainty where g, b ≥ 0 and g ≤ 1 guarantee to
avoid very conservative values for the budget of
uncertainty and control the level of conservatism.
There are more papers in the literature worked on
the dynamic robust optimization where the bud-
get of uncertainty for each period is generated ran-
domly such as Bienstock and ÖZbay (2008) and
Li and Ierapetritou (2008). Generally, these ap-
proaches generate budgets of uncertainty in the
scale of

√
t+ 1. Alvarez and Vera (2014) present

the application of robust optimization methodol-
ogy to a sawmill planning problem. They consider
an equal amount of budget of uncertainty to rep-
resent the grade of robustness to each constraint.

Harvesting planning is one of the most important
decisions in the lumber supply chain. Two main
operations in the forests are harvesting and for-
warding. The main important tactical decisions in
the forests are the harvesting area (block) selec-
tion and bucking over the planning horizon (Bred-
ström et al. (2010)). Wood procurement models
can be tracked back to the early 1960s. Since that
time, several models have been developed to ad-
dress different aspects of wood procurement (Beau-
doin et al. (2006)). Some of these models have been
designed for specific activities such as skidding or
transportation (Carlsson et al. (1999); Wightman
and Jordan (1990)). Beaudoin et al. (2006) pro-



posed a deterministic model for forest tactical plan-
ning. They also assessed the impact of uncertainty
into their model and evaluated these uncertainties
under alternative tactical scenarios by the aid of
simulation. Other models tried to integrate sev-
eral forest planning decisions in a single model, in
order to capture possible synergies between them.
As an instance, Burger and Jamnick (1995) inte-
grated harvesting, storage, and transportation de-
cisions. Andalaft et al. (2003) integrated harvest-
ing and road-building decisions. Karlsson et al.
(2004) presented an optimization model for an-
nual harvest planning. Their model includes trans-
portation planning, road maintenance decisions,
and control of storage in the forest and at termi-
nals in mills. Bredström et al. (2010) formulated
a mixed-integer programming (MIP) model to in-
tegrate the assignment of machines and harvest
teams to harvesting blocks. They proposed a two
stage methodology such that the first one solves
the assignment and the second one tries to sched-
ule. Dems et al. (2014) developed a MIP model
for annual timber procurement planning with con-
sidering bucking decisions in order to minimize the
operational costs such as harvesting, transporta-
tion, and inventory costs. In their proposed pro-
curement planning model, they considered a multi-
period, multi-product, multiple blocks and multi-
mill setting. Chauhan et al. (2011) proposed an
integrated approach for harvesting, bucking, and
transportation decisions. They assumed a multi-
product and multi-mill setting in a single period
planning horizon. To minimize the harvesting and
transportation costs in the forest, they developed
a heuristic algorithm based on the column gener-
ation approach. Sanei Bajgiran et al. (2014) pro-
posed a mixed-integer-programming model to ad-
dress harvesting, procurement, production, distri-
bution, and sale decisions in lumber supply chain
in integrated and two decoupled scheme in deter-
ministic environment. They evaluated the benefit
of the integrated model by comparing it with de-
coupled models in terms of total revenue and costs
based on a realistic-scale industrial case study. The
proposed integrated model in their work was too
complex, thus they proposed a Lagrangian Relax-
ation (LR) Heuristic algorithm to overcome this
complexity.

To summarize, the paper contribution is twofold.
The first contribution of this paper is to explore ro-
bust harvesting model in lumber supply chains un-
der supply and demand uncertainties. We present
a comprehensive robust model to deal with uncer-
tain log supply and demand which affect the right
hand side, constraints, and the objective function
coefficients simultaneously. Furthermore, the pro-
posed robust optimization model which has been

formulated based on “price of robustness” provides
a way to adjust the level of robustness of the har-
vesting plan over the planning horizon and protec-
tion against uncertainty. To the best of our knowl-
edge, the robust optimization approach applied in
this paper, has not been applied to the harvesting
planning model in the literature.

The paper remainder is organized as follows. The
robust optimization approach is presented in Sec-
tion 2. The robust harvesting planning model is
provided in Section 3. Finally, the conclusions and
future works are presented in Sections 4.

2 The robust optimization ap-
proach

In this paper, we rely on the robust optimization
approach developed by Bertsimas and Sim (2004)
for linear programming problems. Let’s consider
the following Linear Programming (LP) model:

Max Z = cx

ãx ≤ b
l ≤ x ≤ u (1)

where some parameters of the coefficient matrix
(aij) are uncertain. In addition, each uncertain
parameter (ãij) takes a value according to a sym-
metric distribution with mean equals to the nomi-
nal value (āij) in the interval [āij − âij , āij + âij ].
Furthermore, they define a parameter Γ, budget
of uncertainty, for every constraint. This parame-
ter is not necessarily integer and takes a value in
the interval [0, |Ji|], where Ji is the set of uncertain
parameters in the ith constraint. Finally, they pro-
pose a linear robust counterpart to protect against
all cases that bΓic coefficients of set Ji are permit-
ted to change, and one coefficient (aiti) changes by
(Γi − bΓic)âij . In order to guarantee feasibility,
they consider a protection function for every con-
straint i which are named β(x,Γi) and are equal
to:

β(x,Γi) = max
{Si∪ti|Si⊆Ji,|Si|=bΓic,ti∈Ji\Si }∑

j∈Ji

âij |xj |+ (Γi − bΓic)âiti |xti |

 (2)



Therefore, model (1) can be rewritten as model (3):

Max Z = cx

s.t. :
∑
j

aijxj + max
{Si∪ti|Si⊆Ji,|Si|=bΓic,ti∈Ji\Si }∑

j∈Ji

âijyj + (Γi − bΓic)âitiyti

 ≤ bi ∀i
− yj ≤ xj ≤ yj ∀j
lj ≤ xj ≤ uj ∀j
yj ≥ 0 ∀j (3)

Finally, they prove that model (3) has a robust
counterpart as follows which is a general robust
counterpart where the constraint coefficients are
uncertain in static robust optimization problems.

Max Z = cx

s.t. :
∑
j

aijxj + ziΓi +
∑
j∈Ji

pij ≤ bi ∀i

zi + pij ≥ âijyj ∀i, j ∈ Ji
− yj ≤ xj ≤ yj ∀j
lj ≤ xj ≤ uj ∀j
yj ≥ 0 ∀j
zi ≥ 0 ∀i
pij ≥ 0 ∀i, j ∈ Ji (4)

For the robust counterpart (4), this approach pro-
vides an effective method to determine probability
bounds for the constraint violation. The probabil-
ity bound that the ith constraint is violated can be
approximated as follows:

pr(
∑
j

ãijx
∗
j > bi) ≤ 1− φ(

Γi − 1√
|Ji|

) (5)

where φ(α) = 1√
2π

∫ α
−∞ exp(−y

2

2 )dy is the cumula-
tive standard normal distribution function for all
i, and x∗j be the optimal solution of the robust op-
timization problem.

3 Robust harvesting planning

In the harvesting planning model, there are two
uncertain parameters; uncertain log demand and
supply. Thus, in this part we propose a robust
counterpart for the harvesting planning model en-
countering with uncertain right-hand side, uncer-
tain constraint and objective function coefficient.
Notice that in the robust model, we aim at consid-
ering intervals for uncertain parameters (demand

and supply). Thus, the robust method will pro-
vide an estimate of the worst case scenario over all
periods in addition to the adjustment of the level of
robustness of the harvesting plan over the planning
horizon and protection against uncertainty.

The mathematical model of harvesting planning
with considering uncertain demand and supply
(d̃blrm,t and ṽrm,bl) is proposed in this section. This
model tries to minimize the harvesting, inventory,
and stumpage costs. The harvesting decisions in-
volve the blocks where the harvesting should oc-
cur (Hbl,t) as well as the proportion of the har-
vested blocks in different periods of the planning
horizon (ybl,t). The inventory of each raw mate-
rial in each block in different periods (Irm,bl,t) is
the other decisions in the harvesting model. Con-
straint (7) formulates the inventory balance of raw
materials in each block. Constraint (8) represents
the final inventory of raw materials in each block.
Constraint (9) ensures that the harvested propor-
tion of a block do not exceed the availability of
logs in that block. Constraint (10) describes that
if harvesting occurs on a block then we can ensure
that raw materials from that block are available.
Constraints (11) and (12) correspond to the maxi-
mum number of harvesting and maximum number
of blocks in which harvesting can occur, respec-
tively. Constraints (13) corresponds to harvesting
capacity in the blocks at each period.

Min Z =
∑
bl∈BL

∑
t∈T

cHbltybl,t(
∑

rm∈RM
ṽrm,bl)

+
∑

rm∈RM

∑
bl∈BL

∑
t∈T

ṽrm,blfrm,bl,tybl,t

+
∑

rm∈RM

∑
bl∈BL

∑
t∈T

cSrm,bl,tIrm,bl,t (6)

Subject to:

Irm,bl,t = Irm,bl,t−1 − d̃blrm,t + ṽrm,blybl,t ∀rm, bl, t
(7)

Irm,bl,T = 0 ∀rm, bl (8)

∑
t∈T

ybl,t ≤ 1 ∀bl (9)

ybl,t ≤ Hbl,t ∀bl, t (10)

∑
t∈T

Hbl,t ≤ lbl ∀bl (11)

∑
bl∈BL

Hbl,t ≤ nt ∀t (12)



∑
bl∈BL

(ybl,t
∑

rm∈RM
ṽrm,bl) ≤ bHt ∀t (13)

ybl,t, Irm,bl,t ≥ 0, Hbl,t ∈
{

0, 1
}
∀bl, rm, t (14)

As explained earlier, in the harvesting planning
model, there are two types of uncertainty includ-
ing, d̃blrm,t and ṽrm,bl. d̃blrm,t is an uncertain log de-
mand with the nominal value of d̄blrm,t, and ṽrm,bl
is an uncertain log supply with a nominal value
of v̄rm,bl. The uncertain log demand is assumed
symmetric and time-dependent. This random vari-
able (d̃blrm,t) takes values in the interval [d̄blrm,t −
d̂blrm,t, d̄

bl
rm,t+d̂

bl
rm,t]. Then, the scale deviation zblrm,t

belonging to [−1, 1] is considered for d̃blrm,t from
its nominal value as zblrm,t = (d̃blrm,t − d̄blrm,t)/d̂blrm,t.
Thus, we can also write d̃blrm,t = d̄blrm,t+ d̂blrm,tz

bl
rm,t.

The other uncertain parameter is ṽrm,bl assumed
time independent and taken values in the interval
[v̄rm,bl − v̂rm,bl, v̄rm,bl + v̂rm,bl]. We consider the
scale deviation of wrm,bl from its nominal value
as wrm,bl = (ṽrm,bl− v̄rm,bl)/v̂rm,bl that belongs to
[−1, 1]. Again, the random supply might be rewrit-
ten as ṽrm,bl = v̄rm,bl + wrm,blv̂rm,bl.

The first constraint in the abovementioned harvest-
ing planning model formulates the inventory bal-
ance of raw materials in each block including both
uncertain parameters (supply and demand). The
main decision variable in this constraint is the pro-
portion of harvested block (ybl,t). The quantity
of the inventory in each block is the state vari-
able (Irm,bl,t). In the static robust optimization
approach, all decision variables are "her and now"
and there is not any possibility for recourse actions.
Inspired by Bertsimas and Thiele (2006b), it is pos-
sible to remove the state variables and cumulate
the effects of uncertain parameters by rewriting
constraint (7) in the following closed loop equa-
tion which is the evolution of the inventory over
time.

Irm,bl,t = Irm,bl,0 +

t∑
s=1

(ṽrm,blybl,s − d̃blrm,s) ∀rm, bl, t

(15)

As the inventory quantity (state variable) also ex-
ists in the objective function, and we already tried
to remove them from our constraints, it is possi-
ble to consider the total amount of the storage
cost as a constraint such as (16), and substitute
term cSrm,bl,tIrm,bl,t in the objective function by
HHrm,bl,t which is defined as the storage cost at

the end of period t.

cSrm,bl,t(Irm,bl,0 +

t∑
s=1

(ṽrm,blybl,s − d̃blrm,s)) ≤ HHrm,bl,t

∀rm, bl, t (16)

Next, we are looking for the robust counterpart of
constraint (16) such that the inventory cost over all
realizations of uncertain demand and log supply is
minimized. In other words, we are aim for minimiz-
ing the maximum amount of the right-hand side of
constraint (16) over the set of all admissible real-
ization of uncertain log demand and supply. To do
this, we should find a feasible solution with con-
sidering the worst cases for uncertain parameters.
The worst case for uncertain supply (ṽrm,bl) which
is a time-independent parameter is v̄rm,bl + v̂rm,bl,
and the worst case for uncertain demand (d̃blrm,t),
the time-dependent parameter, is calculated based
on the following protection function. In reality,
it is unlikely that all uncertain demand changes,
thus we assume a predetermined amount of log de-
mand in each block is unknown, and define Γblrm,t as
the total number of uncertain demand for a given
rm, bl until period t (Γblrm,t ∈ [0, t]).

Maximize

t∑
s=1

d̂blrm,sz
bl
rm,s

s.t.

t∑
s=1

zblrm,s ≤ Γblrm,t

0 ≤ zblrm,s ≤ 1 ∀s ≤ t (17)

This protection function is equivalent to the fol-
lowing optimization problem as its dual problem.

Minimize λblrm,tΓ
bl
rm,t +

t∑
s=1

θrm,bl,t,s

s.t. λblrm,t + θrm,bl,t,s ≥ d̂blrm,s ∀rm, bl, t,∀s ≤ t
λblrm,t, θrm,bl,t,s ≥ 0 ∀rm, bl, t,∀s ≤ t (18)

where λblrm,t and θrm,bl,t,s are the dual variables
corresponding to the constraints of protection func-
tion (17). By substitution of the dual objective
function and its constraint instead of protection
function (17), the following constraints are con-
cluded. Moreover, because the inventory amount
at the end of each period is always greater or equal
to zero, constraint (21) should be added to the ro-
bust model which guarantees the positive amount
of inventory for all possible data realization of ran-
dom supply and demand.



HHrm,bl,t ≥ cSrm,bl,t(Irm,bl,0+

t∑
s=1

((v̄rm,bl + v̂rm,bl)ybl,s − d̄blrm,s)+

λblrm,tΓ
bl
rm,t +

t∑
s=1

θrm,bl,t,s) ∀rm, bl, t (19)

λblrm,t + θrm,bl,t,s ≥ d̂blrm,s ∀rm, bl, t,∀s ≤ t (20)

(Irm,bl,0 +

t∑
s=1

((v̄rm,bl − v̂rm,bl)ybl,s − d̄blrm,s)−

λblrm,tΓ
bl
rm,t −

t∑
s=1

θrm,bl,t,s) ≥ 0 ∀rm, bl, t (21)

λblrm,t, θrm,bl,t,s ≥ 0 ∀rm, bl, t,∀s ≤ t (22)

As it can be observed in model (6)-(14), the first
two terms in the objective function contain uncer-
tain log. In order to obtain the robust counterpart,
first, we consider the uncertain part of objective
function as a constraint, then we develop the pro-
tection function for each constraint, and finally it
is possible to obtain the robust counterpart of har-
vesting planning model (R-HP). Hence, we sub-
stitute (

∑
bl∈BL

∑
t∈T c

H
bltybl,t(

∑
rm∈RM ṽrm,bl) by

π1, and
∑
rm∈RM

∑
bl∈BL

∑
t∈T ṽrm,blfrm,bl,tybl,t)

by π2 in the objective function and consider the
following constraints in the harvesting planning
model.∑

bl∈BL

∑
t∈T

cHbltybl,t(
∑

rm∈RM
ṽrm,bl) ≤ π1 (23)

∑
rm∈RM

∑
bl∈BL

∑
t∈T

ṽrm,blfrm,bl,tybl,t ≤ π2 (24)

Again, the robust optimization approach tries to
find a feasible solution in constraints (23) and
(24) over the set of all possible uncertain supplies.
Moreover, it is unlikely that all uncertain supply
changes simultaneously, thus we consider the bud-
gets of uncertainty Γπ1

bl and Γπ2 in order to ad-
just the total amount of uncertain log supply in
each block. Intuitively from the previous part, we
should consider the worst case for ṽrm,bl based on
the mentioned budgets of uncertainty. As a conse-
quence, we propose the following protection func-
tions for constraints (23) and (24) in order to calcu-
late the worst cases. Notice that y∗bl,t is considered

as the optimal solution of model (6)-(14).

Maximize
∑
bl∈BL

∑
t∈T

cHblty
∗
bl,t(

∑
rm∈RM

v̂rm,blwrm,bl)

s.t.
∑

rm∈RM
wrm,bl ≤ Γπ1

bl ∀bl

0 ≤ wrm,bl ≤ 1 ∀rm, bl (25)

Maximize
∑

rm∈RM

∑
bl∈BL

∑
t∈T

v̂rm,blfrm,bl,ty
∗
bl,twrm,bl

s.t.
∑

rm∈RM

∑
bl∈BL

wrm,bl ≤ Γπ2 =
∑
bl∈BL

Γπ1

bl

0 ≤ wrm,bl ≤ 1 ∀rm, bl (26)

The robust counterpart of these two constraints is
equivalent to find a harvesting plan such that the
harvesting and stumpage costs over all realizations
of log supply is minimized. Afterwards, by consid-
ering zπ1

bl , z
π2 , θπrm,bl, and β

π
rm,bl as the dual vari-

ables of the related protection functions (25) and
(26), and Γπ1

bl and Γπ2 as the budget of uncertain-
ties corresponding to constraints (23) and (24), the
following constraints should be added to the R-HP.∑

bl∈BL

∑
t∈T

cHbltybl,t(
∑

rm∈RM
v̄rm,bl)+∑

bl∈BL

Γπ1

bl z
π1

bl +
∑

rm∈RM

∑
bl∈BL

θπrm,bl ≤ π1 (27)

∑
rm∈RM

∑
bl∈BL

∑
t∈T

v̄rm,blfrm,bl,tybl,t+

Γπ2zπ2 +
∑

rm∈RM

∑
bl∈BL

βπrm,bl ≤ π2 (28)

zπ1

bl + θπrm,bl ≥
∑
t∈T

cHbltybl,tv̂rm,bl ∀rm, bl (29)

zπ2 + βπrm,bl ≥
∑
t∈T

v̂rm,blfrm,bl,tybl,t ∀rm, bl, t

(30)

zπ1

bl , z
π2 , θπrm,bl, β

π
rm,bl ≥ 0 ∀rm, bl (31)

Constraint (13) in model (6)-(14) is another con-
straint faced with uncertain supply (ṽrm,bl). This
constraint indicates that the total quantity that
might be harvested must not exceed the harvesting
capacity at each period for all realization of ṽrm,bl.
Thus, the total quantity of harvesting should equal
to the harvesting capacity at the worst case. In or-
der to find the worst case scenario for all ṽrm,bl, the
harvesting quantity should be maximized. Hence,
the following protection function might be devel-
oped for a given t by the budget of uncertainty Γvbl



which indicates the maximum amount of uncertain
supply in each block. Again, y∗bl,t is the optimal so-
lution of model (6)-(14).

Maximize
∑
bl∈BL

(y∗bl,t
∑

rm∈RM
v̂rm,blwrm,bl)

s.t.
∑

rm∈RM
wrm,bl ≤ Γvbl ∀bl

0 ≤ wrm,bl ≤ 1 ∀rm, bl (32)

For the above model, we define zvbl and θvrm,bl as
the dual variables corresponding to constraints of
model (32). By applying the same approach ex-
plained earlier, we can substitute the dual objec-
tive function and its constraints in the R-HP model
in order to find a robust solution which is feasible
for all realization of uncertain supply (ṽrm,bl) ac-
cording to a predetermined budget of uncertainty
(Γvbl). As a consequence, the following constraints
are concluded.∑

bl∈BL

(ybl,t
∑

rm∈RM
v̄rm,bl) +

∑
bl∈BL

Γvblz
v
bl+∑

rm∈RM

∑
bl∈BL

θvrm,bl ≤ bHt ∀t (33)

zvbl + θvrm,bl ≥
∑
t∈T

ybl,tv̂rm,bl ∀rm, bl (34)

zvbl, θ
v
rm,bl ≥ 0 ∀rm, bl (35)

Now, by proposing the explained constraints, it is
possible to develop the R-HP model such as fol-
lows:

Min ZR−HP = π1 + π2 +
∑

rm∈RM

∑
bl∈BL

∑
t∈T

HHrm,bl,t

(36)

Subject to: constraints(8), (9), (10), (11), (12), (14),

(19), (20), (21), (22), (27), (28), (29), (30), (31), (33),

(34), (35) (37)

4 Numerical results

In this section, we test the proposed robust op-
timization model through a set of realistic-size in-
stances from a real lumber supply chain in Canada.
In the latter test problems, we consider random
supply. The purpose of the numerical experiments
is to analyze the trade-off between the level and
the cost of robustness. More precisely, we are in-
terested to investigate how increasing the degree of

robustness (budget of uncertainty) affects the feasi-
bility and optimality of the nominal (deterministic)
solution.

The robust model in this paper is coded in C++
using CPLEX concert technology on a Core i7 CPU
3.40GHz computer with 8.00 GB RAM.

4.1 Results for uncertainty in sup-
ply parameters

Uncertain supply affects several terms in the ob-
jective function of R-HP model such as harvesting
cost and stumpage fee. Moreover, this parameter
affects constraint (13) related to the harvesting ca-
pacity. In other words, uncertain supply affect on
the feasibility and optimality of the R-HP model’s
solution.

We define γ as the level of variability of the un-
certain supply quantities comparing to its nom-
inal value and consider γ = 5% and 20%, so
that the scaled deviation of raw material availabil-
ity in each block, i.e., v̂rm,bl, is equal to γv̄rm,bl.
In order to analyze the effect of uncertain sup-
ply in the R-HP model, we assume that Γπ1

bl and
Γvbl vary from 0 to |RM | = 14 (the worst case).
Also, Γπ2 vary from 0 to |RM ||BL| = 700 since
Γπ2 =

∑
bl∈BL Γπ1

bl . The trade-off between robust-
ness (budget of uncertainty) and the cost of ro-
bustness is estimated by calculating the cost devi-
ation (ZRR−HP − ZNR−HP )/ZNR−HP , where Z

R
R−HP

and ZNR−HP are the robust and nominal optimal
values, respectively.

Another important issue is the analysis of the ro-
bust solution in terms of feasibility. As explained
earlier, when the budget of uncertainty achieves its
maximum value, the robust solutions is feasible. In
contrary, the feasibility condition cannot be guar-
anteed by considering smaller values for the bud-
get of uncertainty. Recall from Section 2 that it is
possible to provide probability bounds for the con-
straint violation in such cases. Based on equation
(5), the probabilistic bounds of constraint violation
depend only on the number of coefficients subject
to uncertainty (|J |) and the budget of uncertainty.

Figure (1) represents the percentage increase in the
objective function value versus the nominal one for
two levels of supply variability for different values
of budget of uncertainty in constraints (13) and
(23). As expected, when robustness is enforced to
the model, the cost is increased in order to envis-
age worst case scenarios for a certain number of
log availability parameters in the objective func-
tion (constraints (23)-(24)) and in constraint (13).
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Figure 1: Robust optimal values vs nominal and the probability bounds for constraint violation for random
supply

The latter increase in the robust objective func-
tion is the effect of such worst case supply scenar-
ios on the harvesting cost and stumpage fee. It
is worth noted that such worst case scenarios cor-
respond to the case where the above mentioned
log availability parameters (v̂rm,bl) take their high-
est value. In such cases , more logs are harvested
and consequently the corresponding harvesting and
stumpage costs are increased. Additionally, we
can conclude from Figure (1), when the variability
level of uncertain parameters is small, the impact
of imposing robustness on the objective function
is less significant in comparison with higher level
of variability. Moreover, the objective function is
increased by increasing the budget of uncertainty.
When the budget of uncertainty is increased, it in-
dicates that the number of uncertain parameters
that take their worst case scenario are increased
which in turn, is expected to increase the cost.

As it is observable in Figure (1), the violation prob-
ability decreases and tends to reach zero as we in-
crease the budget of uncertainty to its maximum
value. This probability is near zero when the bud-
get of uncertainty is greater than 8. In other words,
the probability violation in this figure is stable in
near 50% of budget of uncertainty. By increas-
ing the budget of uncertainty, the number of un-
certain parameters that take their worst-case sce-
nario in the constraint (13) is increased. Thus, the
R-HP model tries to find a feasible solution to sat-
isfy the harvesting capacity in constraint (13) for
such worst-case scenarios. Consequently, the vi-
olation probability of constraint (13) is reduced.
Recall from Section 3 that constraint (13) corre-
sponds to the harvesting capacity and might be
violated when the majority of log availability pa-
rameters (v̂rm,bl) take their highest value in the
given uncertainty interval.

5 Conclusions

In this paper, we proposed a robust harvesting
planning model when log supply and demand are
uncertain parameters. We also developed a robust
optimization approach that provides some insights
into the adjustment of the level of robustness of the
solution and protection against uncertainty. the
robust model provides an optimal plan which can
guarantee against unpredictable log demand and
supply and reduce the risk. Moreover, in order to
survive in facing with different perturbations and
obtain robust decisions in the presence of future
uncertainties, it is important to consider the men-
tioned uncertainties and propose a robust plan. It
is not desirable in a management context that the
harvesting plan changes significantly while facing
with future uncertainties. Furthermore, the main
advantage of the proposed robust optimization ap-
proach is that it allows studying the trade-off be-
tween robustness requirements and the lost in op-
timality.

We are currently conducting a more comprehen-
sive analysis on the proposed robust optimization
model on a set of realistic-size instances from a real
lumber supply chain in Canada.

6 Acknowledgments

This work was financially supported by NSERC
Strategic Network on Value Chain Optimization
(VCO).



References
Adida, E., Perakis, G., 2006. A robust optimiza-

tion approach to dynamic pricing and inventory
control with no backorders. Mathematical Pro-
gramming 107 (1-2), 97–129.

Alvarez, P. P., Vera, J. R., 2014. Application of ro-
bust optimization to the sawmill planning prob-
lem. Annals of Operations Research 219 (1),
457–475.

Andalaft, N., Andalaft, P., Guignard, M., Ma-
gendzo, A., Wainer, A., Weintraub, A., 2003.
A problem of forest harvesting and road build-
ing solved through model strengthening and la-
grangian relaxation. Operations Research 51 (4),
613–628.

Beaudoin, D., LeBel, L., Frayret, J.-M., 2006. Tac-
tical supply chain planning in the forest prod-
ucts industry through optimization and scenario-
based analysis. Canadian Journal of Forest Re-
search 37 (1), 128–140.

Ben-Tal, A., Bertsimas, D., Brown, D. B., 2010. A
soft robust model for optimization under ambi-
guity. Operations research 58 (4-part-2), 1220–
1234.

Ben-Tal, A., Goryashko, A., Guslitzer, E., Ne-
mirovski, A., 2004. Adjustable robust solutions
of uncertain linear programs. Mathematical Pro-
gramming 99 (2), 351–376.

Ben-Tal, A., Nemirovski, A., 1998. Robust convex
optimization. Mathematics of Operations Re-
search 23 (4), 769–805.

Ben-Tal, A., Nemirovski, A., 1999. Robust solu-
tions of uncertain linear programs. Operations
research letters 25 (1), 1–13.

Bertsimas, D., Caramanis, C., 2010. Finite adapt-
ability in multistage linear optimization. Auto-
matic Control, IEEE Transactions on 55 (12),
2751–2766.

Bertsimas, D., Sim, M., 2004. The price of robust-
ness. Operations research 52 (1), 35–53.

Bertsimas, D., Thiele, A., 2006a. Robust and data-
driven optimization: Modern decision-making
under uncertainty. INFORMS tutorials in oper-
ations research: models, methods, and applica-
tions for innovative decision making 137.

Bertsimas, D., Thiele, A., 2006b. A robust opti-
mization approach to inventory theory. Opera-
tions Research 54 (1), 150–168.

Bienstock, D., ÖZbay, N., 2008. Computing robust
basestock levels. Discrete Optimization 5 (2),
389–414.

Bredström, D., Jönsson, P., Rönnqvist, M., 2010.
Annual planning of harvesting resources in the
forest industry. International transactions in op-
erational research 17 (2), 155–177.

Burger, D. H., Jamnick, M. S., 1995. Using linear
programming to make wood procurement and
distribution decisions. The Forestry Chronicle
71 (1), 89–96.

Carlsson, D., Rönnqvist, M., Westerlund, A., 1999.
Extraction of logs in forestry using operations
research and geographical information systems.
Proceedings of the 32nd Annual Hawaii Interna-
tional Conference on System Sciences, 5–8.

Chauhan, S., Frayret, J., LeBel, L., 2011. Supply
network planning in the forest with bucking de-
cisions anticipation. Annals of Operations Re-
search 190 (1), 93–115.

Dems, A., Rousseau, L.-M., Frayret, J.-M., 2014.
Annual timber procurement planning with buck-
ing decisions. Tech. rep., CIRRELT-2014-20,
CIRRELT.

El Ghaoui, L., Lebret, H., 1997. Robust solutions
to least-squares problems with uncertain data.
SIAM Journal on Matrix Analysis and Applica-
tions 18 (4), 1035–1064.

El Ghaoui, L., Oustry, F., Lebret, H., 1998. Robust
solutions to uncertain semidefinite programs.
SIAM Journal on Optimization 9 (1), 33–52.

Karlsson, J., Rönnqvist, M., Bergström, J., 2004.
An optimization model for annual harvest plan-
ning. Canadian Journal of Forest Research
34 (8), 1747–1754.

Li, Z., Ierapetritou, M. G., 2008. Robust optimiza-
tion for process scheduling under uncertainty.
Industrial & Engineering Chemistry Research
47 (12), 4148–4157.

Sanei Bajgiran, O., Kazemi Zanjani, M.,
Nourelfath, M., 2014. A lagrangian relax-
ation based heuristic for integrated lumber
supply chain tactical planning. Tech. rep.,
CIRRELT-2014-34, CIRRELT.

Soyster, A. L., 1973. Technical note—convex pro-
gramming with set-inclusive constraints and ap-
plications to inexact linear programming. Oper-
ations research 21 (5), 1154–1157.

Wightman, R., Jordan, G., 1990. Harvest distribu-
tion planning in new brunswick. CPPA Wood-
lands Pap. August, 19–22.


